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A numerical procedure has been developed for the computation of steady inviscid supersonic flow about
general conical bodies at incidence. The method is based on solutions of the exact nonlinear potential equation in

an orthogonal coordinate system generated through

a stereographic projection and standard conformal

mapping techniques. Accurate numerical solutions are obtained through the application of mixed-flow
relaxation procedures. Results are presented for a wide variety of configurations from slender cones to thin
wings with blunt leading edges, and are compared with existing theories and experimental data. Some interesting
results have been obtained depicting the *‘lift-off’’ of the vortical singularity on elliptic cones at high angles of

attack.

I. Introduction

HE study of conical flows has provided a means to infer

important effects on three-dimensional supersonic flow
past wings and bodies, dating back to the work of Busemann
in the early 1930’s and 1940’s. In these flowfields, all fluid
properties rémain constant along straight lines (rays)
emanating from a specific point, the apex. Thus, the
dependent variables will be functions of the two independent
coordinates describing the rays.

Much of the early theoretical work on conical flows is based
on a variety of linearizing assumptions. These, for the most
part, fall into the following categories: linearized theory, !
slender body theory,*® second-order slender body theory,’
not so slender body theory,® and other variants; and recently
the complete first-order linearized solution for elliptic cones. ?
The lower-order methods are generally easy to apply to a wide
variety of configurations and conditions. However, they do
not provide accurate solutions in many important cases of
interest. The higher-order methods have improved accuracy
but are cumbersome and significantly less general. All of these
methods fail for flows with embedded shock waves and for
cases where there are blunt supersonic or sonic leading edges.
Lighthill'® and Frohn!' have developed uniformly valid
solutions that predict embedded shock waves in some special
cases.

For many problems of aerodynamic interest there is no
recourse but to consider nonlinear conical flows; i.e., consider
flows with arbitrary, thin cross sections, blunt leading edges,
low to moderate supersonic Mach numbers, and moderate
incidence. Certainly, there have been a variety of attempts to
perform theoretical studies of nonlinear conical flows, such as
those discussed by Bulakh.!> None of these, however, has
been successful in developing general solutions, as mentioned
earlier.

Early attempts at numerical conical flow solutions included
linearized circular cones. at small incidence, !5 inverse
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methods, ¢ and distance-asymptotic methods.!”!¥ Some
accurate solutions for circular and elliptic cones at angles of
attack on the order of the cone half angle have been obtained
by Jones'® and Klunker et al.?° using the method of lines.

More recent attempts at general, nonlinear conical flow
solutions involve finite-difference solutions of Euler’s equa-
tions by marching or relaxation procedures. The marching
methods with explicit shock fitting include the work by
Moretti and Pandolfi?! for simple cones and low incidence
and the extension by Marconi and Siclari?? to more general
configurations at moderate incidence. The relaxation methods
include the work by Kutler? using shock capturing and by
Daywitt et al.?* with floating shock fitting on circular cones at
high incidence. (A more detailed survey of the various
numerical procedures available for circular cones appears in
Ref. 24.) Of these methods, the work of Marconi and Siclari
appears to attack successfully the general problem of
nonlinear conical flow on arbitrary geometries. The principal
drawbacks seem to be primarily due to the large computer
times necessary to obtain convergence. Other difficulties are
related to the numerical treatment of the vortical singularity
on the leeward surface and to the choice of the axial marching
direction. The latter restricts the computation to the con-
ditions of M_ >1.7 for most sweepback angles of practical
aerodynamic interest.

At large angles of incidence, conical flow problems develop
two fundamental difficulties which prevent a straightforward
numerical solution. First, as the angle of attack is increased,
the crossflow velocity will accelerate to a supersonic value as
the flow passes around the leading edge or shoulder of the
cone. This changes the nature of the governing partial dif-
ferential equations from elliptic to a mixed elliptic-hyperbolic
type and results in the appearance of an embedded shock wave
on the leeward surface of the cone. Another difficulty arises
due to the nature of the nodal singularity at the conical
stagnation point on the leeward generator of the cone. (At a
conical stagnation point, the velocity vector contains only a
single component in the direction of a ray and the crossflow
velocity will thus be zero.) At the vortical singularity the
entropy, density and radial velocity component are
multivalued. As the angle of attack further increases, the
conical stagnation point lifts off the leeward surface of the
cone. The nature of this singularity has been discussed by
Ferri!® and later in more detail by Melnik,% among others.
Detailed numerical calculations of crossflow streamlines,
including *‘lift-off,”’ have been performed by Bakker and
Bannink 26 for very slender circular cones using linearized
theory. An approach using a modified method of lines by
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Fletcher?” has computed details of the vortical singularity on
a circular cone at high supersonic Mach numbers. Finite-
difference solutions?2* have not yet been able to give adequate
resolution to the ‘‘lift-off’’ phenomenon.

The present work attempts to develop an accurate, efficient
numerical procedure for the computation of the steady, in-
viscid supersonic flow over general conical bodies at moderate
supersonic Mach numbers (of the order 1.2<M_ <2.5 for
wings of aerodynamic interest), over a complete range of
angles of attack. The geometries range from blunt cones to
very thin delta wings with arbitrary, smooth thickness and
camber distributions. In order to facilitate our solution, we
make the additional assumption of irrotational flow and,
hence, neglect all entropy variations. This restriction should
provide accurate results provided that the Mach number
normal to all shock waves be less than ~ 1.4. The irrotational
flow assumption retains all of the important nonlinear
features of the flowfield and furthermore, the formulation of
the problem in the crossflow plane has the salient
mathematical properties of two-dimensional transonic
potential flow. Thus, we are able to draw upon the highly
successful methods developed for solving the nonlinear,
mixed elliptic-hyperbolic potential equation in transonic
flow.28-30 In addition, since the method will apply to very thin
wings, where high levels of accuracy are necessary at the
leading edges, the use of general conformal mapping methods
becomes invaluable. However, a preliminary mapping of the
surface of a sphere to a geometrically conformal surface is
advantageous to the development of an appropriate or-
thogonal curvilinear coordinate system.

Details of the various coordinate transformations and
mappings are presented in Sec. II of this report. A derivation
of the nonlinear potential flow equations and boundary
conditions appears in Sec. 111, followed by a discussion of the
numerical formulation of the boundary-value problem in Sec.
IV. Results are presented for a wide variety of geometries and
flow conditions in Sec. V. A large number of cases are
presented in order to substantiate the method by comparison
with existing methods and available wind-tunnel data. A
number of crossflow streamline patterns will be shown in-
dicating the “‘lift-off>’ of the vortical singularity at high
angles of attack on circular and elliptic cones.

II. Coordinate Transformations

The natural coordinate system for conical flows is spherical
coordinates (r,¢,w) shown in Fig. 1 and related to the Car-
tesian coordinates (x,y,z) by

x=rcoswsiny, y=rsinwsiny, z=rcosy (1)

The axis of the cone lies along the z axis (¥ =0). A conical
body is simply defined in this coordinate frame as y =f(w) on
the surface of the sphere; r = constant.

Since we intend to solve the exact potential equation with
exact boundary conditions on relatively general conical
bodies, it would be desirable to generate a transformed
domain where the mapped body surface is a coordinate line.
In two-dimensional flows this is conveniently handled
through conformal mapping methods (e.g., Ives?'). However,
on the surface of the sphere, it is first necessary to transform
the spherical coordinates (¥,w) to a surface (p,q) which is
conformal (in the terminology of Weatherburn3?). The
differential arc length ds on this surface is represented by

ds? =r2(dy? +sin?ydw?) =k (dp? +dg?) )
A convenient transformation of this type which has been
utilized by cartographers, is the sterographic projection (i.e.,
Weatherburn3?), where

" p4ig=tan(y/2)e® 3)
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Under this transformation, we have

sin?y

ds?=p2 —— ¥
=T tan? (y/2)

(dp? +dg?) )

Now in the pg plane meridians on the sphere are represented
by straight lines through the origin and parallels of latitude by
concentric circles as illustrated in Fig. 1.

After applying the sterographic projection, the surface of
the sphere becomes ‘‘conformal’’ as verified by Eq. (4), and
we can then further map our arbitrary geometry using
standard conformal mapping procedures. In particular, for
conical bodies of approximate elliptic cross section, the
application of a Joukowski mapping will produce a nearly
circular image. Thus, for this case

S—=S8, <’y—SO/2)2 )
S+S, \y+S,/2
where
y=pe?, S=p+iq (6)

and S, is the location of the singularity in the pg plane. §, is
normally chosen to be located halfway between the center of
maximum curvature and the leading edge.

The mapped domain, consisting of the orthogonal cur-
vilinear coordinates, (p,8,R), where R=r, forms the basis of
the computation. The surface of the cone is represented as

o=b(6) ‘ @)
It is convenient to introduce here the metrics of the map-

ping h,, Ay, hg which will be used in the derivation of the
governing equations

() ) )] o
e[+ () + (B mn

= (5) + (o) Go) = ®)
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where

= %h(p,e) ®

and 4 is the metric of the conformal mapping

(S—S,) (S+5,)
(Y—S0/2) (Y+S,/2)

ds
h= l e 10

& (10
In addition, the numerical computation will be performed in a

domain where the body surface is a coordinate line. To
achieve this we use a simple ‘‘shearing’’ transformation

_g y=_ PO
X=6, Y=_fom o Z=R (i1

where ¢(8) is the position of the outer boundary of com-
putation. As discussed in the following sections ¢(8) is chosen
so that it is located outside the bow wave.

III. Governing Equations and Boundary Conditions
For irrotational flow, the governing inviscid steady flow
equations in terms of the velocity vector Q and the speed of
sound, a, may be written as

a?v-Q-1%0-v(Q-0)=0 - (12)

and

a2 TIQ O=a (13)

QN

where a,, is the stagnation speed of sound and v is the ratio of
specific heats. We introduce a perturbation potential ¢ such
that

Q0=vVo+4q, (14)
where the freestream velocity vector g, may be written in
terms of the original Cartesian coordinates x, y, z with unit
vectors i, /, k and angle of attack « as

4., =sina/+ cosak (15)

Under the assumption of conical flow it can be shown that the
potential is of the form

$=RF(p,0) (16)

and the perturbation velocity components in the p, 8, and R
directions are

i A . . 1 OF . 1 OF .
g=vVo=vi,tuig+wipg=— -

+ +F, (7
Hap ' pHaa”’ e {7)

where the metric of the mapping H is defined in Eq. (9). The
complete velocity vector is written as

0=G+Go=(0V+V,) I, + (utuy) i+ (Wt w,)ig
= Vi, + U, + Wi, 18)
where

Iz
Ve (0,0) = — [sma (cosgbsmwai — COSw ! al)
dp a0

- cosasim{xz—lﬁ ] (19a)
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1 14
U, (p,9) _E [sma (coszlzsmw— —l// +cos Z)

a0
1 61//]
—cosasiny % (19b)
w,, (p,0) =sinasinysinw + cosacosy (19¢)

with ,w, (8¥/3p), and (3y/80) related to p,0 through Egs.
(3, 5, and 6).

Introducing the conical potential F through Eqs. (14-19)
into the governing Eqgs. (12) and (13) and performing the
vector differentiations using the rules for orthogonal cur-
vilinear coordinates ultimately yields

2 2 2
0= (a?— VZ)a——— V(aF IaF)

o apao-;ﬁ
1 32F 10F
+ (a? - Uz)( 2602+— ) H?F(2a?-Vv?-U?)
0H udH dH voH
y2-u? <—~———)+2UV( — ) 20
* oo a8 “oo Toa0) 0
and
vy—1
(122(15—7(V2+U2+W2) 21)
where
1 oF
V=—_— ,0 22
Hap+v°°(p ) (22a)
Lo, 9 22b
oH 39 Uy (p,0) (22b)
W=F+w, (p,0) (22¢)

The preceding governing equations for the reduced conical
potential F(p,0) in the mapped domain, are independent of
the spherical radius R, and the terms involving the second
derivatives of F are of the identical form as the two-
dimensional transonic full potential equation. The three
dimensionality of the flow is principally contained in the term
proportional to F. These equations are of mixed type, bein
\/]U 242

~ elliptic when the crossflow velocity magnitude Q, =

is less than @ and hyperbolic when Q,>a. Since Q. must
necessarily be zero on the body at the symmetry plane, it is to
be expected that if the crossflow becomes supersonic it will
terminate in an embedded shock wave.

The boundary condition on the surface of the body is the
vanishing of the normal velocity. This condition is

1 7db
v=>(2)U
b \do

or

190F 1<db)[ 1 OF ] ”
LoF 1 (db\[ 1 9F
Hap ">~ b\do/) Lo oo T4 (23)

on p=>b(0). At the symmetry planes w= + w/2, the normal
velocity U must vanish and since u,, (p, & 7/2) is zero

OF (p, £m/2)

4 =0 4
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(An extension of the method to account for both sideslip and
incidence could easily be obtained by replacing the preceding
symmetry property with a condition of periodicity.) In the far
field, outside the bow wave, the perturbation potential and its
first derivatives must vanish

F
c'L s (2~ — 0 outside the bow wave 25)
dp 30

>

The implementation of the far-field boundary condition will
be discussed in the next section.

In the development of the numerical solution to Egs. (20)
and (21) we utilize the additional shearing transformation
given by Egs. (11). The governing equations then become

3°F 3°F 32F oF oF ;
il ——— + A, +A,—+A +AF+A,=0
A’ax2+Azaan+ saye T hgx Ty 7
(26)
where
1
AIZ((ZZ—Uz)'Z
fo)

1 L oo d
Ay=-20v Y, +2(a?=U%) Y,

1 1
A;=(a?=V2)Y2-2UV~ YpY6+(a2—U2);2~ Y3
o

1
A,=2U0V—
P

1 1 141
As==20V— (Y- - Y0)+(a2—U2)—(* Yoo+ Yp)
P P pNp

A,=H?(2a? = V2 -U?)

A,= (V- UZ)[vYHY—u (Hy+ Y,H,)]

+2UV[uYHY+v (Hy+ Y Hy)]

and

1 1
szYpr’ u=p_H(FX+Y0Fy)

V=v+v,, U=u+u,, W=F+w,

In order to utilize Jameson’s rotated difference scheme, 3% we
need the principal part of Eq. (26) written in suitable form. To
achieve this, we define, in the crossflow plane, the local
streamline direction s and the direction normal to the
streamline n such that

a
Q(%:V%+g%—V,£/+U,& (27a)
a
QL%=—U%+E§5=—U2£/+V2& (27b)
where Q. is the magnitude of the crossflow velocity,
U2+ V2 and

Vi=VY, +(U/p)Y,, U,=U/p (28a)
U,=0Y,—(V/p)Y,, V,=V/p (28b)
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It follows that

a? a’ a? a?
2=V 42UV, e + U2 (29a)
“9s2 ay? Tleaxay T T ax?

32 , 62 2 , a?
(.(%3 =U28_2 —QUszm-{-VzaXz (29b)

Thus, the principal part of Eq. (26) can be written in terms of
local crossflow streamline directions as

32F 3°F 92F 92F  9°F
A, T A% ) e
tox2 T2 gy Tigy: = (@700 35 et o3

(30)

Equation (30) will be utilized in the numerical solution of Eq.
(26).

IV. Numerical Formulation

The numerical solution of Eqs. (21) and (26) with boundary
conditions in Egs. (23-25) are in a suitable form for the ap-
plication of mixed-flow relaxation procedures which have
been so successful for transonic flows. These procedures stem
from the work by Murman and Cole?® for the transonic small
disturbance equation. We apply the formulation by
Jameson ¥ for the transonic full potential equation.

Consider the computational plane shown in Fig. 2. We will
be using the notation that a superscript + denotes new values
to be computed (for j subscript) or used (for j+ 1 subscript);
otherwise values from the previous iteration are used.

All first derivatives are approximated in terms of old values
as

Fy=(F,,;—F._, ;) /20X (la)

Fy=(F,, —F,,_)/2AY (31b)
When the crossflow is subsonic Q?=U?+V?<qa?, the

second derivatives are approximated by central differences as
follows

Foc= ax7 AX? (Bl =2F5+F,)) (322)
! + +
FXYzm(Fi+1,j+l_Fi-l.j+l_Fi+l,j+l+Fi—l,j—1)
(32b)
Fo,,= F* zF+ 2{1 Fi;+F 32
vy = Ay e T i T - it (329

where w is the over-relaxation factor, 0 <w < 2.
For the points where the crossflow is supersonic,
QZ2=U?+V?>a?, the principal part of Eq. (26) is written in

OUTER BOUNDARY

i=1i=2 p=Cl8),Y=1 i=ig i=ig+1
Vet AT T !
| T Ta 2> 22T T BOWWAVE [T | LEEWARD
WINDWARD | . WAk | SYMMETRY
SYMMETRY | Eopr i o gLAgl\(l)E
PLANE — : -
8 =-90° : SWEEP PoXx=m2
=-/2 H l
Y, | ! EMBEDDED
T 1 02> a2t '{4[_ . SHOCK
' “ACE p = | ol
j =2 CCONESURFACE 0 =b (9), ¥ 5 011 |
T e
— X,

Fig. 2 Computational plane and grid.
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terms of the local crossflow streamline coordinates as given
by Eq. (30). Contributions to the F,, term, Eqs. (29), utilize
central difference expressions identical to Eqgs. (32) with the
exception of Fy, which is approximated by

Fyy= (Fhiy —FL—F ;+F,;_ ) 33)

1
AY?
Contributions to F; in Eqgs. (29), are approximated by the
following backwards difference expressions

Fux= 7 CQF 5= Fjy=2F 1+ Fizy)) (34a)
Fyy==% AXAY(F’“’ Fiorjo1—2F5+F ;+F%, ) (34b)
Fyy= <57 GFl—Fiy=2F 0+ Fyyp) © (34¢)

where in the double signed expressions the upper sign is used
when U,, Eq. (28), is positive and the lower sign when U, is
negative. ;

In addition, in order to insure uniform convergence of the
difference scheme for cases where the crossflow Mach number
becomes large, it was found necessary to include a temporal
artificial viscosity of the form 3

At U,
AY o "

where the temporal cross derivative is approximated by

Ve Ue Y me gl 4

st Q Yt Q Xt Q.AYAI Lj+1 IN; Lj+1 i
UI

i—_QCAXAt(F" —FL, i —F+Fz;) (35)

A stability analysis by Jameson has shown that
e?>M7 1

where M, is the maximum local Mach number. In practice
values of e from —5<e=<0have been used.

The finite-difference applications of the surface boundary
condition are implemented through the use of a dummy row
of grid lines below the body at j=1, (see Fig. 2). Then, from
Eq. (23)

db
Fi,1=Fi,3‘2AY[ (Fiypo— ia/,z)/ZAX

(B[] oo

Now the same finite-difference expressions can be used at the
boundary j =2 as the interior points.

Similarly, at the symmetry planes /=2 and /i=ic we in-
troduce dummy columns /=1 and /i=ic+ 1 and approximate
Eq. (24) as

Fl,j =F;, (37a)

F.

icw1=Fie_1; (37b)
At the outer boundary j=jc, p=c(8), and if ¢ was chosen

to be outside the bow wave, then the crossflow will be

AIAA JOURNAL
supersonic and Eqgs. (25) imply
Fi.=0 (38a)
dF)
=0 38d
<d Y/ e (38d)

The preceding finite-difference expressions, Egs. (31-35),
and boundary conditions, Eqs. (36-38), are written in
tridiagonal form for values of the correction Fj}—F; along
rows j=constant. These expressions are solved by Gaussian
elimination starting with the outer boundary j=jc and
sweeping to the body j=2. This scheme retains diagonal
dominance as long as the grid is swept by no more than 90 deg
from the local crossflow streamline direction. In a few cases,
such as thin cones at very high angles of attack, this condition
was violated. Here we reformulated the difference expressions
so that we could march along rows from the outer boundary
to a specified row above the body, and then in a consistent
fashion to march along columns from the windward sym-
metry plane to the leeward symmetry plane (see Fig. 2). This
procedure produced the necessary diagonal dominance.

The formulation of the relaxation procedure is ideally
suited for developing the bow shock since the choice of
coordinate grid is nearly in the direction of Y =constant and
the sweep is nearly normal to the shock. Furthermore, outside
the bow shock the conical perturbation potential F should
equal zero. Thus, the fact that the integration scheme is first
order in the supersonic region should not greatly affect the
accuracy of the bow shock solution. Proper computation of
the bow wave is critical to the accurate calculation of the
entire field including the surface values. In addition, the
rotated difference scheme can treat situations where em-
bedded shocks appear near the cone surface. The numerical
formulation is also well suited for the computation of nodal
and saddle point singularities. These singularities always
appear in the vicinity of conical stagnation points and hence
in the elliptic portions of the computation. In these regions
accurate solutions for the potential function can be obtained
independent of the sweep direction.

The preceding numerical formulation of the nonlinear,
mixed potential flow boundary-value problem was developed
in nonconservation form. For the transonic flow problem,
nonconservation form inviscid solutions are known to be less
accurate since they develop a mass source at the embedded
shocks which tend to displace the streamlines at downstream
infinity.3* It is also known, however, that these non-
conservation form solutions give better agreement with data,
which is likely fortuitous, and would not be the case with an
adequate viscous interaction solution.3* It is not clear whether
the spurious mass source will cause a significant difficulty in
the conical flow solutions, since the streamlines downstrgam
of the embedded shock are constrained to end at the conical
surface on the leeward generator (the vortical singularity).
The present formulation stands on the basis of agreement
with other theoretical work and experimental data in the
following section.

V. Results

The numerical procedure for relaxation solutions of
irrotational conical flows has been applied to a wide variety of
cases ranging from slender cones to thin wings with super-
sonic leading edges at moderate supersonic Mach numbers
ranging from 1.2 to 2 and at angles of attack ranging up to 30
deg. First, we will present a number of cases where the conical
relaxation solution can be compared with existing analytic
methods and wind-tunnel data. In addition, a number of
crossflow streamline patterns will be presented, illustrating
the “‘lift-off”’ of the vortical singularity at high angles of
attack on circular and elliptic cones.
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Fig. 3 Shock-layer pressure distribution on a circular cone at in-
cidence. Comparison with method of lines.
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Fig. 4 Surface pressure distribution on a circular cone at incidence.
Comparison with method of lines.

Before the results are presented some terminology in the
figures will be explained. For elliptic cones, the angles 6, and
8, refer to the half angle of the cones along the semimajor and
semiminor axes, respectively. The eccentricity of the elliptic
cone is E=tand, /tand.. The angle w is —90 deg along the
windward symmetry plane and equals +90 deg along the
leeward symmetry plane. The axis x/z tanf, is the normalized
distance along the span of the wing and is equal to 1 at the
leading edge. The angle ¥ is the azimuthal angle of a spherical
coordinate system centered at the cone apex and measured
from the cone centerline.

First we present some solutions for a slender circular cone,
half angle 10 deg, M, =2.0 at @ =10 deg in Figs. 3 and 4. The
conical relaxation results are compared with solutions by
Jones? using the method of lines. In the method of lines, the
flow rotationality is fully accounted for, so these comparisons
indicate the effect of the irrotational flow assumption in the
present method under these conditions. The agreement in the
shock layer, Fig. 3, is excellent, including the position and
strength of the bow shock which is smeared over three grid
points in the relaxation solution. The surface pressure shown
in Fig. 4is also in excellent agreement.
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Fig. 6 Surface pressure distribution on an elliptic cone at several
values of incidence. Comparison with experimental data.

Next we present the conical relaxation resulis for an elliptic
cone at M =1.41 and zero incidence. The surface pressure is
plotted as a function of the elliptic-conical angle 5 for the case
0,.=30 deg, 6.=5.7106 deg, E=5.77 in Fig. 5. The angle
n=tan ~/ (E tanw) spreads out the region of steep pressure
gradient near the leading edge. Also shown on the plot are the
slender body solutions of Fraenkel®> and Kahane and
Solarski,® the second-order slender body solution of Van
Dyke,” and experimental results from Rogers and Berry.3¢
The conical relaxation results are in very good agreement with
the data and with the second-order slender body result.

The effects of incidence on the surface pressures of two
elliptic cones are shown in Figs. 6 and 7 along with more
experimental data from Rogers and Berry.3¢ The agreement
for the cone in the preceding figure, E=5.77, is very good for
all values of o shown in Fig. 6. Solutions for a much thinner
elliptic cone, 8.=30 deg, 6.=2.8624 deg, E=11.55 are
presented in Fig. 7. For the larger angles of attack on the thin
ellipse some discrepancies are noted. At a=6.1 deg, the
calculation overpredicts the leading-edge suction, which is
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Fig. 7 Surface pressure distribution on a thin elliptic cone at several
values of incidence. Comparison with experimental data.
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Fig. 8 Surface pressure distribution on an elliptic cone. Comparison
with Euler’s equations solution.

most probably due to viscous effects; and at «=10.2 a large
discrepancy occurs over the entire leeward surface, which can
be explained by flow separation. Experimental evidence in
terms of shadowgraphs and oil flows in Ref. 36 confirms this.

In order to evaluate the ability of the conical relaxation
solution to predict accurately the development of embedded
shock waves, we compare our results with recent calculations
of Siclari.?” The technique?? utilizes explicit marching
procedures for the numerical solution of Euler’s equations
with both the bow shock and crossflow shock explicitly fit to
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‘Fig. 9  Surface pressure comparison with data for cambered elliptic

cone.

satisfy the Rankine-Hugoniot relations. Figure 8 gives the
results for an elliptic cone, 6.=18.39, 6,=3.17, E=6.0 at
M, =1.97 and a=10 deg. The agreement between the two
computations is quite good including the position and
strength of the embedded shock wave. This gives further
support to the applicability of the irrotational flow assump-
tion in the present method. Also shown on the plot is the
linearized thin-wing solution (e.g., Jones and Cohen3%).

To illustrate the ability of our method to handle geometric
nonuniformities we present a calculation of a cambered
elliptic cone which has been experimentally tested by Rogers
et al.? This is basically the same cone as shown in Fig. 7 with
6,.=30 deg and 6. =2.86 deg. The camber line was modified
outboard of X=x/ztanf.=0.7 by the formula y/z
tanf, =4.139 (0.49 — x? — 1.4 xlog 0.7/x). The results shown
in Fig. 9 are in very good agreement on the windward surface
and in the quite complex region near the leading edge. On the
inboard portion of the leeward surface flow separation was
noticed in the experiment. 3°

The streamline pattern for cones at angles of attack has
been computed through a numerical integration of the
velocity field after the relaxation solution for the conical
potential function has converged. The resulting . crossflow
streamlines on a slender circular cone are shown in Fig. 10,
and for an elliptic cone in Fig. 11. These solutions indicate the
character of the conical stagnation points and the develop-
ment and subsequent lift-off of the vortical singularity from
the leeward surface. The crossflow streamline patterns for the
circular cone (Fig. 10). confirm the qualitative features of
Melnik’s analysis?* based on a local solution. At the low value
of a=35 deg the streamlines converge tangential to the cone
surface at the leeward nodal point. Next at a =10 deg, or
«a/f,=1 the streamlines are tending to be normal to the

“surface of the cone. At the high values of incidence, o = 20 deg

and o =30 deg, the crossflow becomes supersonic, denoted by
the dotted lines, and the vortical singularity lifts off the
surface of the cone.

Similar qualitative features of the crossflow streamline
pattern occur on the 2:1 elliptic cone in Fig. 11. The minor
semiaxis angle of the elliptic cone, 6. =10 deg, was the same
as the preceding circular cone half angle. The major semiaxis
angle was doubled to 8. =20 deg. Here, the streamlines at the
leeward surface did not become normal to cone surface until
a=20 deg or a/6=2, a/f.=1. At a=30 deg, the lift-off
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Fig. 10 Crossflow streamline patterns—circuiar cone.

phenomena can be observed. The movement of the saddle
point singularity can be seen to move from near the leading
edge at =5 deg to the windward symmetry plane at « =20
deg. The small oscillations which appear on some of the
streamlines in Fig. 11 are a result of the streamline integration
routine and not from the numerical relaxation solution of the
potential field.

The corresponding surface pressure distribution’ for the
previous two cases are presented in Figs. 12 and 13. The
results indicate the effects of incidence and the development
of embedded shock waves at large values of incidence on the
circular and elliptic cones.

A large variety of other conical flow solutions by the
present author are available in Ref. 40. The effects of in-
cidence, Mach number, sweepback, and thickness for thin
elliptic cones are described. The conditions include angle of
attack up to 20 deg; Mach numbers ranging between 1.25 and
2; sweepback values including subsonic, sonic, and supersonic
leading edges; and. elliptic cone eccentricities greater than
30:1. Space limitations do not allow the presentation of these
results here.

COMPUTATION OF IRROTATIONAL CONICAL FLOWS 835

Fig. 11 Crossflow streamline patterns—2:1 elliptic cone.

All of the preceding examples in Figs. 3-13 were computed
on a sequence of two grids, the finest corresponding to 60
mesh points in the 6 direction and 60 mesh points in the p
direction. Typical numbers of complete iteration cycles were
approximately 200 on the coarse grid and 150 on the fine. The
computations took from 2-3 min CPU time on the IBM
370/168. Reliable engineering accuracy could be achieved
with less stringent convergence tolerance in about 1-2 min
CPU time. In addition, various accelerated convergence
algorithms recently developed for two-dimensional transonic
potential flow problems could serve to further reduce the
computation time.
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Fig. 13 Angle-of-attack effects on an elliptic cone.
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